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Uatnar Hull 26 flw put a (>lunt-oo«td con* «Ich a 

•pbatlcal «ftar-bodf thac Injacti mats utally fxoa It« bau 
Into tha alt, «u «tudUd la two fir It« dlffacanca calculation», 
tha aut lajaettoa t«c« for bath calculation« «a« 0.13 lb/«ac, 
and «jynold« mjnbtr« talatlva to ba«a dloMtar war« 73} and 
4130.    Computation« wata parforaad «1th a cod« (ATTOH 2A) «blch, 
apart fron dUctatliatlon arror. genarata« iolutlon« to tha 
tlH-d«p«ndant «avlar-Stoka« aquation« for «xlaTiiiutrlc «yatau 
that contain «uf-lnjaetio» bodla«.    In both ea«a« .t«ady flo» 
,.. approuhad UT«ptotleally In tl«a fro« Initial flo« flalda 

darlnd troa «iapla lnvl«cld thaory. 

At tha lowar «arnold« nuabar, tha eona and aftar-body 
boundary layar« raaalnad attachad, and tha Interaction batwaan 
tha tncldant aUatrau «nd tha la).ct«d pluma laiaa wu «latlu 
CO that of two Implnglni «uparionle «traaaa.    By eontr"«t, at 
tha hl|har laynold« nuobar tha cona and aftar-body boundary 
lay«» both «aparatad, living riaa to a doubla-»orta« pattarn 

and a ecnplax «yata of «hock wavaa. 

AflOII » ratult« wra coaparad with a chaontleal Invla- 
cld «odal of a mass «ourca In a unlfora hypar«onlc «trau,    la 
tu« ATTOH 2A ealeulaclnn«, tha pradlctad plus« tadlu» «a« auch 
lartar than that of tha aodal. «rlth an lncr<u«d pluo« voluaa 
eauaad by h««e trantfar urou tha dividing «cr«aallna. 
Although abaoluta aagnlcuda« of pluaa-«hoek ud dlvtdlng- 
•traaallna radii did not folio« tha InvUcld «callng law, 
ratio« of tha radii wara found to vary lnvtr««ly «« th« fourth 
toot of th« pltaa drag coafflelanc, la accord with Invlactd 

•callng. 

Tha Mo calculation« alao demonstrated a «tructural 
dlff«r«nca In th« pluma Inner core.    Ac tha lowar Reynold« 
BiaAar tha Inner core wa« n««rly laantroplc, yhectu at 
tha higher Reynold« number heet pimetraced tha pluo« cora 
In an asount «ufflcl«nt to produce algnlflcant entropy 

gradlanta. 
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Laminar Mach 26 flow past a blunt-nosed cone with a 

spherical after-body that injects mass axially from its base 

into the air, was studied in two finite difference calculations. 

The mass injection rate for both calculations was 0.15 lb/sec, 

and Reynolds numbers relative to base diameter were 735 and 

4150.  Computations were performed with a code (AFTON 2A) which, 

apart from discretization error, generates solutions to the 

time-dependent Navier-Stokes equations for axisymmetric systems 

♦■.hat contain mass-injecting bodies.  In both cases steady flow 

was approached asymptotically in time from initial flow fields 

derived from simple inviscid theory. 

At the lower Reynolds number, the cone and after-body 

boundary layers remained attached, and the interaction between 

the incident airstream and the. injected plume gases was similar 

to that of two impinging supersonic streams. By contrast, at 

the higher Reynolds number the cone and after-body boundary 

layers both separated, giving rise to a double-vortex pattern 

and a complex system of shock waves. 

AFTON 2A results were compared with a theoretical invis- 

cid model of a mass source in a uniform hypersonic stream.  In 

the AFTON 2A calculations, the predicted plume radius was much 

larger than that of the model, with an increased plume volume 

caused by heat transfer across the dividing streamline. 

Although absolute magnitudes of plume-shock and dividing- 

streamline radii did not follow the inviscid scaling law, 

ratios of the radii were found to vary inversely as the fourth 

root of the plume drag coefficient, in accord with inviscid 

scaling. 
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The two calculations also demonstrated a structural 

difference in the plume inner core. At the lower Reynolds 

number the inner core was nearly isentropic, whereas at 

the higher Reynolds number heat penetrated the plume core 

in an amount sufficient to produce significant entropy 

gradients. 
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1.  INTRODUCTION 

Two low-Reynolds-number calculations were made of 

complete hypersonic plume-body flow fields governed by the 

Navier-Stokes equations. Results of the calculations, and 

the computational procedures employed, are reported herein. 

Interest in the interaction of a jet plume with a 

hypersonic free stream has attended the development of high- 

altitude rockets and re-entry vehicles.  The importance of the 

near-body flow field then manifests itself in several ways: 

for example, exhaust plumes can induce flow separation on 

the surface of an aerodynamic object, creating conditions that 

interfere with the operation of sensing devices. However, 

plume-body interaction has generally been ignored in past 

analytical studies of plume-hypersonic-airstream interaction, 

with attention focused instead upon far-field behavior. 

Further, while heat conduction effects have been included in 

some prior calculations of plume flow, heat transfer has always 

been assumed negligible below the inner shock; the plume inner 

core is then approximated as isentropic.  Only one pertinent 

near-field study appears to have been performed, and that in 

support of an experimental investigation of plume-body-airstrearn 
c. 

interaction; guided by observed flow field structure, an 

analytical model was developed to predict separation on a cone 

and other near-cone flow phenomena. Each of the referenced 

investigations   has been carried out by methods specialized 

with respect to both flow conditions and body geometry. 

Some experiments have been conducted to study base 

injection, but generally at Reynolds numbers much higher than 

those encountered under high-altitude flight conditions. Of 
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special relevance is the work of Boger, Rosenbaum and Reeves6, 

which included wind-tunnel measurements for Mach 10 flow past 

a 6-degree-half-angle, flat-based cone with axial base injection; 

the Reynolds number range covered was 1.3 • 105 to 1.3 • lO6/ 

A Reynolds number of a few thousand is not uncommon for hyper- 

sonic re-entry vehicles at altitudes above 100 km. Such low 

Reynolds numbers are difficult, if not impossible, to produce 

in a wind tunnel at hypersonic speeds; on the other hand, for 

full-scale vehicles under real flight conditions, instrumentation 

is insufficient to determine any but gross flow properties, thus 

emphasizing the need for more precise theoretical methods. 

The two flow fields considered here were calculated in 

finite difference approximation using a computer code called 

AFTON 2A.  The AFTON 2A code is based on finite difference 

equations for unsteady axisymmetric continuum motion; underlying 

the equations is a general method for writing discrete analogs 

of the laws governing classical fields.  For both calculations 

the body was a blunt-nosed cone wii:h a spherical after-body, 

the free-stream Mach number was 26, and the mass injection rate 

was 0.15 lb/sec.  Reynolds numbers for the two cases were 735 

and 4150 - flow conditions that correspond to a free-stream 

velocity of 22,500 fps and altitudes of 300,000 and 270,000 feet, 

respectively. 

In Section 2 below the AFTON 2A computer code is described; 

calculations for the two different Reynolds numbers are discussed 

in Sections 3 and 4, while in Section 5 the two flow fields are 

compared; Section 6 contains a summary of the results of the 

program and associated conclusions. 

Unless otherwise stated, all Reynolds numbers herein are 
based on free-stream flow conditions, and on the maximum length 
subtended by the body normal to the free-stream flow direction. 

"——-——'-'-"-"-"- - ■ - nmütfi^ni'iirTr-- ■ 
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For the present program, the AFTON 2A computer code was used 

to integrate the Navier-Stokes equations for time-dependent compres- 

sible axisymmetric flow with mass injection.  AFTON 2A is one of a 

set of computer codes known as the "AFTON" codes. Many laminar 

flow fields have been computed with the AFTON codes, and the 

accuracy of numerical flow fields so generated has been evalu- 

ated. Among the motions calculated have been aerodynamic flow 

around objects of practical interest under conditions of two- 
7-12        13 dimensional plane    ' and axial ' symmetry, and for fully 

14 asymmetric three-dimensional  systems. In most cases, as in 

the present study, first-of-a-kind numerical solutions have 

been developed to the complete flow equations, including the 

effects of compressibility, heat conduction, viscosity, and 

mass addition. 

A generalized form of the discrete equations of 

von Neumann and Richtmyer  comprises the basis for the AFTON 

codes. The generalized equations, which have been used success- 

fully not only in solving gasdynamic problems but in many other 

branches of continuum mechanics as well, are of the "time- 

marching" kind; time is used as an independent mechanical 

variable and the solution of any given problem of motion proceeds 

through a series of stepwise advances in time.  Similarly the 

space continuum is replaced for numerical purposes by a discrete 

set of points termed a "finite difference mesh"; alternatively, 

the points of a finite difference mesh can be considered as 

the vertices of polyhedra of finite size, termed "cells" or 

"zones", that subdivide physical space in one-to-one fashion. 

At each timestep the dependent variables of the motion are 

muftimmmm 
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updated In each cell of a given finite difference mesh, in 

accord with discrete analogs of the equations of continuum 

motion. 

The principle used to deduce the AFTON finite difference 

equations is applicable to all the fields of classical physics, 

and insures that certain fundamental transformation properties 

of classical continue are preserved exactly in the finite 

difference equations that issue from it; moreover, the finite 

difference equations so obtained are unique in preserving 

those transformation properties.  Specifically, for example, 

the AFTON finite difference analogs of the equations for mass 

conservation, momentum conservation, and the First Law of 

thermodynamics, can be shewn by rigorous algebraic manipulation 

to imply exact conservation of total energy in each zone, or 

all, of a finite difference mesh, just as in the case of the 

corresponding differential equations of motion of a continuous 

medium. The success of the AFTON difference equations is 

thought to be due, at least in part, to their energy conser- 

vation properties. A more detailed discussion of the trans- 

formation properties of the AFTON equations is given in 

References 16 through 19. 

A modest amount of code modification was required to 

make AFTON 2A suitable for plume-body interaction calculations; 

the code was altered in four ways: 

(1) Provision was made for axial mass addition from the 

base of the body; 

(2) Changes were made to insure that plume rarefaction 

effects would be accurately accounted for; 

MM ll-IIIIIIIMlllaifl   I iliHllllÜlliÜMflKli Dnn'g^ii ■MMMMM 
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(3) An artificial viscous stress, differing from zero 

only in the near-vicinity to the shock front that 

encloses the totr^ii region of disturbed flow, was 

incorporated into the code; 

(4) A procedure was developed for the serial calculation 

of heat conduction and hydrodynamic motion, and 

included in the computational scheme. 

The four modifications are discussed in Appendix A. 
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3.  A CALCULATION OF SEPARATION-FREE PLUME FLOW 

The first of two AFTON-calculated hypersonic-airstream- 

plume-interaction flow fields is described below. Computational 

details are presented in Section 3.2.  Results of the calcu- 

lation are given in Section 3.3, including comparisons with the 

predictions of an inviscid theory. 

3.1 STATEMENT OF THE PROBLEM 

The problem addressed is that of calculating the 

field of steady flow past a conical body (Figure 1), with 

particular emphasis on the features of the near field. 

Nondissociated air, whose properties are defined in Table 1, 

flows past the conical body at Mach 26; the Reynolds number 

for the flow is 735. The body is at zero angle-of-attack 

and ejects air at a rate of 0.15 lb/sec, corresponding to 

a ratio of plenum-chamber pressure to ambient pressure 

(p /p^) of 5.76 • 10 .  Since boundary-layer separation does 

not occur, the calculation is referred to subsequently as 

the separation-free plume calculation. 

3.2 APPLICATION OF AFTON 2A 

The finite difference mesh used in the separation-free 

plume calculation (Figure 2) was generated by a technique 

developed for the present study (Appendix B). The mesh 

consists of the intersection of 35 streamline-like lines 

with 224 potential-like lines.  Zones are closely spaced 

in the vicinity of the body (including two zones to define the 

sonic orifice) and gradually increase in size with distance 

from the body. 

■laMtaMM ummm 
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Density, specific internal energy and fluid velocity 

assumed their free-stream values at the upstream boundary 

of the mesh. A no-slip velocity boundary condition was 

enforced at the surface of the cone, which was assumed iso- 

thermal at a temperature cf 540 R.  Frictionless flow was 

maintained along the axis and along the top of the mesh (or 

lateral boundary); particle velocities at mesh points along 

the system's axis were updated by the same equations used at 

interior points, but taking into account ehe symmetry of the 

field about that axis.  Boundary conditions based on the 
9 12 13 

method of characteristics for inviscid flow '  '  were 

employed at the downstream boundary.  Conditions at the 

sonic orifice were characterized by the following values of 

injection density, p*, specific internal energy, E*, and 

velocity, U*: 

E* 
Et 

U 

= 0.7050 

= 0.1675 

= 0.1535 

(1) 

In Equation (1), pt and Et are the free-stream stagnation 

density and specific internal energy, respectively; U^ is 

the free-stream velocity. 

Initial conditions for the calculation were based 

primarily on inviscid theories.  For example, flow near 

the nose of the cone was determined from Newtonian Theory, 

while elsewhere near the cone surface approximate flow 

8 
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conditions were obtained by recourse to conical shock-wave theory. 

Also, plume properties were defined from the "universal" 

correlation (developed by Jarvinan and Hill1) of solutions 

obtained by the method of characteristics.  Viscous effects 

were accounted for near the cone surface where the merged 

viscous-shock layer was approximated with linear velocity 

profiles. A velocity vector plot of the initial flow field 

is presented in Figure 3, in which the vectors emanate from 

mesh points and have magnitudes proportional to local flow 

speed. 

As noted in Section 2 and Appendix A, an artificial 

viscosity was used only in the near-vicinity of the shock 

surface that formed an inner boundary of the region of free- 

stream flow. As part of a numerical experiment, a portion of 

the calculation was repeated using the artificial viscosity in 

the plume-body interaction region as well; the resulting changes 

in the computed flow field were negligible. 

The calculation was carried out in the following three 

steps:  first with the full mesh shown in Figure 2, then on 

the portion of the mesh downstream of Curve 1, and finally 

on the portion of the mesh downstream of dashed Curve 2. 

The equations of motion were integrated in the first part of 

the calculation to a characteristic time, T, of 1.12 (unit 

characteristic Lime corresponds to the time required for a 

free-stream fluid particle to travel one base diameter). 

Fluid property variations with time were examined throughout 

the mesh.  It was found that upstream of the dashed 

Curve 1 of Figure 2 the flow was not changing appreciably 

with time when T reached the value 1.12; as an example, the 

time-variation of pressure along the cone surface is shown in 
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Figure 4. Hence, there was no point in continuing to update 

the flow field upstream of Curve 1. The second part of the 

computation was therefore confined to the region downstream of 

Curve 1 which became the upstream boundary of a truncated mesh. 

Flow-field variables along the boundary did not change with 

time during the second step of the computation, which required 

an additional 0.49 units of characteristic time.  In the third 

step, the upstream boundary was moved to Curve 2 of Figure 2, 

and an additional 0.14 units of characteristic time was required" 

for the flow variables in the reduced mesh to asymptote to 

"Infinite" time values.  Again, attainment of steady flow was 

established by investigating the temporal variation of flow 

properties throughout the flow field (e.g., see Figures 4 

through 7).  The separation-free plume calculation was carried 

out to a characteristic time of 1.75; required computing time 

was equivalent to 3.4 hours on a CDC 7600 computer. 

3.3 DESCRIPTION OF THE CALCULATED FLOW FIELD 

A velocity vector plot of the numerical flow field in 

the vicinity of the base of the body is shown in Figure 8. 

No boundary-layer separation appears, and the resulting flow 

field resembles the collision of two supersonic streams. 

In Figure 8, heavy solid lines denote three shock waves 

in the interaction region. The thin solid line traces the 

streamline separating the free stream and the plume gases. 

(The methods employed to trace the dividing streamline and 

map the shock waves are described in Appendix A.) Two shocks 

lie in the airstream with a third in the plume gases. The 

airstream shocks are the conventional cone shock and plume shock. 

The cone shock is caused by the vehicle geometry which turns 

the free-stream flow.  The plurne shock is present to turn the 

10 
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airstream about the effective plume body defined by the 

dividing streamline.  The shock in the plume gases, which 

is referred to as the inner shock, likewise turns the plume 

flow to accommodate the effective body shape presented by 

the dividing streamline. 

The importance of viscous and thermal diffusion effects 

becomes apparent when the separation-free calculation is 

compared t-o inviscid predictions. The most complete inviscid 

description of a hypersonic-stream-plume-interaction flow 

field is provided by the Jarvinen-Hill model of a mass source 

in a uniform hypersonic stream.  Calculated shocks and dividing 

streamline are compared to Jarvinen-Hill predictions in 

Figure 9. Predicted inner-shock positions differ little; 

however, plume-shock and dividing streamline radii are predicted 

to be much larger by the AFTON 2A calculation than by the 

Jarvinen-Hill theory.  Specifically, the dividing streamline 

radius for the numerical flow field is approximately 60 percent 

larger than the inviscid result at distances greater than one 

and one-half base diameters downstream of the base. 

An explanation for the increased plume volume can be 

perceived in the calculated internal energy contours shown in 

Figure 10.  Strong temperature gradients exist in the vicinity 

of and normal to the dividing streamline; hence, substantial 

heat transfer across the plume boundary causes hotter plume 

gases than in inviscid predictions, with an attendant increase 

in plume volume. 

Although some current plume models account for viscous and 

heat-conduction effects, all assume that an inviscid, isentropic 

core exists below the inner shock.  Since inner core conditions 

11 
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have a pronounced effect on the Mach disc, the inner core can 

conceivably affect the flow field far beyond the near-body region; 

the isentropic-inner-core hypothesis was therefore examined. 

Calculated pressure (p), density (p), and Mach number (M) 

contours are shown in Figures 11, 12 and 13, respectively. 

Contours below the inner shock indicate that the flow is source- 

like in the inner core (i.e., constant-density surfaces are 

approximately spheres centered at the injection orifice), which 

is the structure postulated in the Jarvinen-Hill theory. The 

three sets of contours are similar; hence, all three flow prop- 

perties can be expressed as a function of any one of the three, 

just as in isentropic flow. Figure 14 indicates the variation 

of p as a function of 0 along both the system axis and two stream- 

lines in the inner core; the streamline locations are shown in 

Figure 13.  Figure 1A, a log-log plot, presents an almost straight 

line whose slope is 1.375, very close to the assumed specific 

heat ratio of air (y = 1.4); p/D
Y is therefore nearly constant 

along streamlines in the inner core, and the flow there is 

approximately isentropic. 

In summary, three significant features of the plume- 

body flow field have been noted; flow separation does not 

occur for the assumed flow conditions, which include a Reynolds 

number of 735; heat transfer across the dividing streamline 

increases the plume volume over the size predicted by inviscid 

theories; the region below the inner shock is isentropic. The 

separation-free plume predictions are compared further with 

other theories and experimental data in Section 5, but before 

that the second of the two calculations is described (Section 4). 
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4.  A CALCULATION OF PLUME-INDUCED FLOW SEPARATION 

STATEMENT OF THE PROBLEM 

As with the separation-free plume calculation described 

in Section 3, Mach 26 air llow passes over the body shown in 

Figure 1; however, the Reynolds number is increased to 4150. 

The body is again at zero angle-of-attack and emits 0.15 lb/sec 

of air, corresponding to a reduced ratio of plenum-chamber 

pressure to ambient pressure of 1.04 • 10 .  In contrast to 

the computation discussed in Section 3, the cone and afterbody 

boundary layers separate at the increased Reynolds number. 

The calculation is therefore referred to as the separation- 

plume calculation. 

4.2 APPLICATION OF AFTON 2A 

The separation-plume calculation was performed in three 

distinct steps.  In the first step the "ull finite difference 

mesh used for the separation-free plume calculation was employed 

(Figure 2); it was expected that the higher-Reynolds-number flow 

field would be so similar to that at the lower Reynolds number 

that the same mesh would suffice to define flow details for both. 

The steady flow field varibales of the separation-free plume 

calculation were used as initial data, except that (a) the density, 

o, "bove the dividing streamline was increased by a factor of 5.6 

in order to achieve a Reynolds number of 4150 and (b) the specific 

internal energy above the inner shock was decreased by one percent 

to provide the temperature appropriate to an altitude of 

270,000 ft.  Steady flow conditions were reached at a calculated 

characteristic time of 6.58 (Figure 15). 

13 
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In the second step the density of mesh points was greatly 

increased in the near-body region to obtain better definition of 

base flow details.  To that end, twenty streamline-like lines 

were added to the original finite difference mesh, yielding the 

mesh shown in Figure 16.  Initial conditions for the calculation 

of step two were obtained by linear interpolation in the flow 

field obtained from the first calculational step.  A modest 

amount of flow-field adjustment occurred in a few cycles and 

smaller changes took place thereafter.  In close analogy with the 

separation-free plume calculation, the flow field was soon found 

steady upstream of the dashed line of Figure 16, in this case 

after advancing the solution in time by .07 characteristic units. 

Values of the flow field variables along the dashed line there- 

fore provided accurate upstream flow conditions for the third 

calculational step, in which computation was confined to that 

portion of the mesh of Figure 16 downstream of the dashed line. 

The equations of motion were integrated over the reduced mesh 

for another 1.5 units of characteristic time, when steady flow 

was achieved (Figures 17, 18 and 19). 

In all three steps the boundary conditions were identical 

to those employed in the separation-free plume calculation.  The 

artificial viscosity was again localized to the cone and plume 

shocks above the interaction region, with a single exception 

noted below. 

Overall, the separation-plume calculation was carried to 

a characteristic time of 8.15 on a UNIVAC 1108 computer, and 

required the equivalent of 9.8 hours on a CDC 7600 computer 

14 
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for its completion. Three factors caused an increase in com- 

puting time (relative to the nonseparated case). First, 

scaling the low-Reynolds-number flow field yielded an initial 

field with much more internal energy than was appropriate to 

the higher Reynolds number; converging to the less dissipative 

high-Reynolds-number flow field was a time-consuming process. 

Secondly, the artificial viscosity was used at the outset in 

the interaction region; however, as the calculation proceeded, 

the artificial viscosity assumed non-zero values outside shock 

layers and therefore had to be removed. To avoid numerical 

difficulties, it was necessary to eliminate the artificial 

viscosity gradually, over a substantial number of calculational 

cycles.  Finally, the computed flow field was far more compli- 

cated than the separation-free field described in Section 3, 

and therefore took longer to compute; the higher-Reynolds- 

number field contained a region of separation and a complicated 

system of shocks in the interaction region. 

4.3   DESCRIPTION OF THE CALCULATED FLOW FIELD 

The flow field at a Reynolds number of 4150 is quite 

unlike that observed in the separation-free plume calculation 

of Section 3. The cone and after-body boundary layers both 

separate, giving rise to a double vortex pattern (referred to 

as the separation bubble) and a complex system of shock waves. 

Figure 20 shows the flow field near the base, including the 

system of predicted shocks.  There are five shock waves in 

the interaction region, including three in the airstream and 

two in the plume gases. The airstream shocks are the cone 

i 
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shock, the airstream separation shock, and the plume shock. 

The airstream separation shock is required to turn the flow 

at the upstream edge of the separation bubble.  Only one of 

the plume-gas shocks is shown in Figure 20, namely, the plume 

separation shock (also caused by the separation bubble) which 

turns very rapidly at the point of contact of (a) air flowing 

around the upstream portion of the separation bubble, and 

(b) plume gases flowing over the bubble's downstream side. 

The other plume-gas shock, or "inner" shock, is first seen 

approximately one base diameter downstream of the base; delayed 

formation of the inner shock will be discussed further below. 

Qualitative structure of the higher-Reynolds-number 

flow field is similar to that recorded in a shadowgraph taken 

of the flow past a 12-degree flat-based cone at Mach 10 and 

Reynolds number 1.34 • 10 .  That the shadowgraph (Figure 21) 

exhibits the same complicated multiple-shock system as that 

calculated here was established independently by Boger, Rosenbaum 

and Reeves in a careful, exhaustive analysis; since their work 

is not easily accessible, a more complete account of the shadow- 

graph analysis is presented in Appendix C. 

As in the lower-Reynolds-number flow field, the plume 

shock and dividing streamline radii are predicted by the AFTON 2A 

calculation to be much larger than their inviscid counterparts. 

The near-field structure is compared to the Jarvinen-Hill 

predictions in Figure 22.  Beyond 1.5 base-diameters downstream 

of the injection orifice, the fractional increase of 55% in 

plume size is slightly less than the fractional increase found 

at the lower Reynolds number (60%). A smaller fractional increase 

in plume size is consistent with a reduction, relative to the 

' 
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flow at lewer Reynolds number, in the amount of heat conduction 

across the dividing streamline; such reduction might be caused 

by the smaller thermal diffusivity associated with the higher 

Reynolds number.  Verification of the hypothesis of reduced 

heat transfer across fne plume boundary is obtained by comparing 

specific internal energy contours *or the separated flow field 

(Figure 23) with specific internal energy contours for the case 

of low-Reynolds-number (Figure 10).  Contours are more closely 

spaced and temperatures higher near the plume shock at Reynolds 

number 735 than in the separated case, indicating a higher heat 
transfer rate. 

Unlike the separation-free plume calculation, there is 

an appreciable difference between the inner shock location 

predicted by AFTON 2A and that of Jarvinen and Hill.  The 

AFTON 2A inner shock is about 25% further from the symmetry 

axis than its inviscid counterpart.  Furthermore, inspection of 

Figures 24, 25 and 26 shows that the Mach number contours differ 

greatly from the pressure and density contours.  Both types of 

observation suggest that the plume's inner core is not isen- 

tropic at the higher Reynolds number.  Confirmation is provided 

by log-log plots of p versus p (Figure 27); the curves show the 

p-p relationship along the system axis and along two inner-core 

streamlines; the streamline locations are indicated in Figure 26. 

The slopes of the various curves lie between 1.30 and 1.33, 

indicating that p/oY, and hence the entropy, varies both across 

and along streamlines. Reasons for the enlarged nonisentropic 

Inner core found in the separation-plume calculation are 
discussed in Section 5. 

The inner shock does not appear upstream of the axial 

station x/D = 1 (Figure 22), which is also the approximate 

17 
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end point of the plume separation shock.  Appeal to Mach line 

behavior in the interaction rejgion (Figure 28) provides an 

explanation of the mechanisms underlying midstream termination 

of the plume separation shock and delayed inner shock formation. 

The Mach lines shown in the figure are part of an expansion fan 

which emanates from the injection-orifice lip.  The expansion 

fan catches and weakens the plume separation shock, whose 

strength is so reduced thereby that the shock is nearly parallel 

to a Mach line at x/D = 1.  The expansion fan then reflects 

from the plume-separation shock as a compression wave which 

eventually becomes.the inner shock.  Steepening of the com- 

pression wave is evidenced by Mach line coalescence after 

reflection. 

Summarizing, four significant points have been noted 

regarding the separation-plume calculation:  the cone and after- 

body boundary layers separate at the increased Reynolds number 

of 4150; heat transfer across the dividing streamline causes 

approximately the same fractional plume volume increase over 

inviscid prediction as the lower-Reynolds-number volume 

increase; the plume inner core is not isentropic; inner shock 

formation is delayed by interaction of the plume-separation 

shock with the expansion fan from the lip of the injection 

orifice. 
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5.  EVALUATION OF THE TOO COMPUTED FLOW FIELDS 

The separation-free plume flow field and the separated 

plume field differ markedly in boundary-layer separation and in 

inner-core structure.  As will be discussed in the following 

sections, axial forces acting on the body are similar for the 

two plume flows and, surprisingly, the two calculated fields 

are consistent in one tmportrnt respect with a simple scaling 

law.  The streamline plots of Figure 29 show the main contrasts.. 

Heavy solid lines denote the various shock waves present in the 

flow fields and the dashed lines define the dividing streamlines. 

The separation bubble of the higher-Reynolds-number flow occupies 

a region near the after-body within which lie two families of 

closed streamlines; each family outlines a region of recirculating 

vortical flow. 

5.1 BOUNDARY LAYER SEPARATION 

Boundary layer separation is observed for only one of 

the flow fields as is consistent with the Reynolds number 

difference; with decreasing Reynolds number, boundary layers 

become more stable and less likely to separate in an adverse 
21 22 

pressure gradient.      A criterion for stability of a 

boundary layer with respect to separation is often expressed 

in terms of a parameter which provides a measure of the 

relative importance of (a) the strength of the local pressure 

gradient and (b) the magnitude of the viscous stress.  In parti- 

cular the separation of classical boundary layers ha^ been found 

empirically to take place in accord with the criterion A s -12 
21 

where A, the Pohlhausen parameter,   is defined by the relation 

6s  dp 

p  p, U ds 
w e e 

(2) 
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In Equation (2) p , u , U denote density, viscosity and velocity 

at the edge of the boundary layer, p  is the fluid density at the 
w J 

solid boundary, 6 is the boundary layer thickness and dp/ds is 

the streamwise pressure gradient. 

The parameter A. was evaluated for the calculated separation- 

plume and separation-free plume flows.  Since both fields had 

merged viscous and shock layers, the boundary layer thickness 

was taken as the distance between the cone shock and the cone 

surface at the intersection of the cone and after-body; p , p, 

and Ue were assigned the free-stream values of density, viscosity 

and flow speed, respectively.  The calculated pressure field was 

used to evaluate the gradient of pressure at a number of boundary- 

layer points near the base of the body, and dp/ds (Equation (2)) 

was equated to the maximum adverse gradient so computed.  The 

wall density p was determined from the fluid's thermal equation 

of state using the known wall temperature and the surface 

pressure at the point of maximum adverse pressure gradient.  It 

was found that A had the value -6.85 for the separation-free 

plume calculation and -16.0 for the separation-plume calculation, 

a result consistent with the Pohlhausen prediction that separa- 

tion occurs for A s -12.  Conformity with the Pohlhausen criterion 

is noteworthy whether it be interpreted as a further point of 

agreement of the calculations with basic flow field behavior, 

or as an indication that the criterion applies not only to 

classical boundary layers but also to boundary layers that 

merge with shocks. 
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5.2 INNER CORE STRUCTURE 
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Another major structural difference between the two 

computed flow fields occurs in the plume's inner core. As 

noted in earlier sections, the inner core is nearly isentropic 

for a Reynolds number of 735, whereas entropy varies in the 

core when the number is increased to 4150.  Close examination 

of the flow field below the inner shock has made intelligible 

the relation between the computed cores. 

Differences between the two inner cores are evident in 

the dissimilar Mach-number contour plots of Figures 13 and 26 

whereas the streamline plots of Figure 29 indicate that the 

flow is source-like below the inner shock for both Reynolds 

numbers.  Thus, it is reasonable to expect the dissimilar Mach- 

number fields to be associated with correspondingly different 

inner-core temperature fields.  Inspection of specific internal 

energy (or, equivalently, temperature) contours in the inner- 

core region (Figures 30 and 31) shows that, to a distance of 

about three-quarters of a base diameter downstream of the 

orifice, the two flows are virtually identical; further down- 

stream, however, the contours differ markedly.  The inner-core 

temperature decays more rapidly with downstream distance at 

the lower Reynolds number, and the inner core is hotter when 

the Reynolds number is 4150 - results consistent with the 

observation in Section 4.3 that the fractional increase in 

inner-shock radius over inviscid predictions is noticeable only 

for the higher-Reynolds-number calculation. 

Inner-core heating at Reynolds number 4150 is evidently 

a heat conduction effect; the closely-bunched specific internal 

energy contours near the inner shock indicate that strong 

21 
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temperature gradients occur much closer to the axis at the 

higher Reynolds number than in the nonseparated case.  Further, 

at a Reynolds number of 4150 the temperature near the inner 

shock is much higher than in the lower-Reynolds-number field 

(see Figures 30 and 31).  The higher temperatures are a direct 

result of two sources of heat peculiar to the separated flow 

field, namely, intense shock heating in the interaction region 

from (a) the airstream separation shock and (b) the nearly 

normal plume shock.  Heat generated in the interaction 

region is convected along streamlines, and penetrates the 

plume inner core by thermal conduction across streamlines. 

A final point regarding the structure of the inner core 

can be noted from Figure 31.  At the higher Reynolds number a 

large temperature gradient is present normal to the axis of the 

system and below the inner shock, in a region where streamlines 

are not parallel to isotherms.  Heat therefore diffuses along 

streamlines of the higher-Reynolds-number field, causing some 

redistribution of energy within the inner core.  Further study 

will be required in order to^ assess the effects of such heating 

on important plume features like the Mach disc. 

5.3   AXIAL FORCE 

It was found for both Reynolds numbers that rocket 

thrust far exceeded all other calculated axial forces on the 

body.  Moreover, pressure and viscous forces caused the thrust 

to increase further, rather than to decrease; as can be seen 

from Table 2, the force increments were 9% and 4%, respectively, 

for Reynolds numbers 735 and 4150.  In order to exhibit the 

magnitudes of the various forces acting, several axial force 

coefficients are presented in Table 2 ,  namely, C  , AC , 
xR   x 

22 

u^gtmtmmmmma^tMm^ttt 



ppiipMRP.ijiiii i jiujjmniMppimMMnpmni J IJLLIIIHIIII mmmm >■ v v-' HI,« »«IJ www»««««^» afmivmmmMiH!.4iim*immmiiimmf 

:. 

Q 
: 

D 

i 
i 
i 

■u         o 
c      u 
v      ^ 

•H  r-l    O CO ON 
Ü    «   U,         „ ON r-* 
M u           K in m 
•4-1   O  rH   Ü • ON 

4) 
U 81$ 

H 
•H 

r-l 

3 
•   V) 

w u 
0)   (U 

•ö  ^ 41 

S 5  ^ u 
fl   4J ««a      u    x CO 

ON 

u c B ri ,. -^ «-> n ^ 
^.s r-l    O    >•     Ü   I.J   «q • o • 

^1 O   C   C   0   o 
H M »( U. ü 

n)  i u C                  a 
U   C          V o "c U   to   U   O   U 

C    O   -ri   iJ    O            U NO 0 
J3 st*a „t*  x t-l 

>^ ü E        •*   u        o NO o 
U    1 
4J   4J 
a v 
ax 

CP f-i U-i   3   u <} 
u  a <« o ■ IT» • o • 

1   u 

0) »o 
J3  C B               1 
4J  n) v-l   o   u   o   n 

O   C   O   1) 
t-i  m *■'    U    V    U    V 
0 u c o ~i c* u       o. «o ON 

M-l   0 C) tu  o        ox r«. CO 
J3 

m  6 
* 

NO       ; 
O 

-U    0 Ü -n   -.i   t)   u • 
a c 
01 £^«353 

•H   W 
O "O 

•H r-l 
U-»   O     • 

u 
o 

O   QJ   O at 4j       9 
O »J Ä Ü c  Ä ^ 

m ki  «1   o ,= ON o 
4)   0) o o 

F
or

e 
r
ia

t 
ar

e 

« in a x 
v4   0)           U 

CM 

• 
o 
rH 

CO 
CO • 

a co x o      o 
r-l    O    O 
«   h  .H 

•H   Oi 4J 

NO o NO 
O 

t-l r-l 
X X # ON I-H 

0) 
o|   S • 3 • 

F-< in tH 

•s 
H 

n 
•O   b 
•-<   U          Q o Oja     8 if\ 
C  E  v Cl ^1 
>. 3 « i^. Sf 

— 
a 

\ 23 
\ 

■ i '■■:'•■'- ■■ ■ 



wmmmmimm vw».'Wi"-m \mum ^mmmmmmiqimmmmmmmmmiwfiBiii'ii' »^■■(■^fHPnw^iMiiii   ■ imaii iii^aii IMIHL   «i.J ■ Mn».»..pii..'1w»»WWT1m|« 

li 

11 

'%. ^  and CX. The coefficient CXn ls proportional to 
the axial force 

specifically. 
on the body due to theRrocket thrust; 

P"A'V(1 + YM*2) 

^R l^2^ 
(3) 

«here A*, p. and m  denote ^ ^ ^  ^^ ^ 

number. respectively, and q. Is the free-strea. dynamic pres- 
sure ^.^ Uj.thc  coefflcien£s 

ate similarly defined as the total axial aerSdynaJc force on 

the body, the axla! pressure force on the body, the axial vis- 

cous force on the body and the total force on the body fron, aU 

sources respectively, divided In each case by the reference 

I0:::: D d
q°; T"e axiai componencs of ^ ^ ™°*^ 

force (ACX) and the pressure force (.c ). respectively, „ere 

touted by contract^ the total stress' and the stress due to 

pressure „ith a unit normal to the body surface, and intcSratlng the «U! component of the resulting ^^^ ^^ ^^ ^ J    8 

of the body (excluding the no22le exit). ^  „as then calcu- 

ated as the difference between .Cx and acx -^Iso, Cx „as 
computed as the sum of Cx and iC P 

R      x' 

A comparison of the axial-force coefficients of Table 2 

With corresponding coefficients for the fiat-based cone studied 

by Boger, Rosenbaum and Reeves6 indicates a definite advantage 

for the round-based configuration:  The thrust is enhanced by 

the body even „hen boundary layer separation occurs. The 

explanation for the augmented thrust lies in the fact that 

rounding the base permits boundary layer separation to occur 

further do„nstream than in the case of a flat base.  For a 

flat-based vehicle, the plume Induces the separation region 

24 
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to move forward from the flat base to the cone forebody with 

an attendant increase in drag (a decrease in thrust). 

5.4 PLUME SCALING LAWS 

Although the absolute magnitudes of calculated plume 

shock and dividing streamline radii differ from inviscid 

predictions, a surprising correspondence with the Jarvinen- 

Hill theory has been established:  Calculated ratios of plume 

shock and dividing streamline radii obey the Jarvinen-Hill 

scaling laws.  The correspondence is evident from the nearly 

identical fractional increases (over inviscid prediction) 

in plume size noted for the two calculations.  For example, 

the stated scaling law for plume shock radius, r , is 

r2 = 0.726.x.(D/q )^ p n<» (4) 

where x is axial distance downstream of the mass source and D 

is plume drag.  The two calculated flow fields had the same 

plume drag and free-stream velocity; hence, at a fixed value 

of x, the plume shock radii are predicted by Equation (4) to 

vary as 

(735) 

(4150) 

(4150) 

(735) (5) 

where numerical superscripts are used to denote the Reynolds 

numbers at which the variable was calculated.  Equation (5) is 

satisfied by the numerical data of the AFTON 2A calculations to 

within 7% at all points downstream of x/D ■ 1.5. The dividing 

streamline radius can similarly be shown for inviscid flow to 

vary inversely as the fourth root of free-stream density, and 

25 
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ratios of the calculated dividing streamline radii again agree 
» 

with the Jarvinen-Hill prediction to within 77o. 

5.5 OTHER COMPARISONS 

D 
D 

For both Reynolds numbers, some further quantitative 

comparisors of the numerical results have been made with the 

small set of pertinent theoretical and experimental data pres- 

ently available. For example, the calculated bow shock strength 

at the centerline of the system lies within 5% of the theoreti- 

cal value for both Reynolds numbers.  For the calculation at a 

Reynolds number of 735 the density distribution differs by no 

more than 5% from the Jarvinen-Hill distribution along the sys- 

tem's centerline downstream of the injection orifice.  Also, the 

computed cone shock angles were 9.8 and 10.0 degrees for Reynolds 

numbers 735 and 4150 respectively; the corresponding inviscid 

angle is 9.5 degrees. 

In a final quantitative comparison presented in Figure 32, 

it can be seen that AFT0N-2A-computed cone-surface pressures exhibit 

the same kind of variation with Reynolds number (based on position) 

as that found both experimentally and in previous theoretical pre- 

dictions.  AFTON 2A cone-surface-pressure distributions for both 

calculations appear in the figure together with cone-surface pressure 
23 24 

data '   for a variety of cone flows. Pressure is given in 

units of Newtonian pressure and is shown as a function of a 

parameter, x, defined by the relation 

M 

2 
sin 6 

C'V/Re (6) 

D 

where 6 is the cone half-angle and C* is a constant of propor- 

tionality between temperature and viscosity.  Nose-bluntness 

26 
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25 
effects  were found to be unimportant aft of a point halfway 

down the cone (Appendix D), and the numerical data are there- 

fore presented for points downstream of the halfway point and 

upstream of the spherical base.  Theoretical weak-interaction 

predictions of Probstein  and the strong-interaction predic- 
27 

tion of Stewartson  are represented in the figure, along with 

the predicted free molecular limit for each cone flow. 

Figure 32 indicates that surface pressures (O symbols) 

from the two calculations reported herein fall between the 

limits represented by hypersonic weak-interaction theory and 

free molecular flow. The trend followed by the computed pres- 

sures is consistent with Waldron's data for a 20-degree-half- 

angle cone (0 symbols) which follow the Probstein weak-inter- 

action prediction up to a value of x * 2 and then tend 

asymptotically toward the free molecular limit as x"•eo« 

Qualitative comparisons were made between (a) the cone 

surface pressure and skin friction calculated in the present 

program, and predictions of hypersonic interaction theory, 

and (b) the base pressure distribution computed for the 

separated field, and corresponding experimental data for flat- 

based cones.  The AFTON surface pressure and skin-friction 

distributions, shown in Figure 33, decrease with increasing 

Reynolds number.  Since the hypersonic interaction parameter, 

X, is inversely proportional to R2 at constant free-stream 
ex 

Mach number,   x  is  greater for the '    lower-Reynolds-number 

flow field.     Therefore,  the calculated surface pressure and 

skin-friction distributions decrease with decreasing values 
26 

of x.   in accord with weak-interaction theory. 

27 
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The computed base-pressure distributions at Reynolds 

numbers 735 and 4150 are shown in Figure 34; the ordinate of 

the figure is the base circumferential angle, 0, , measured 

counterclockwise from the system axis.  In the lower-Reynolds- 

number case, where no flow separation occurred, a large pres- 

sure rise was found near 9, - 47° as a result of the collision 

of plume and airstream gases.  For the high-Reynolds-number 

flow, boundary layer separation on the spherical after-body 

produced a rapid rise in both the plume and external airstream 

pressures to a nearly constant pressure plateau in the separ- 

ation region; the domain of constant pressure extended from 

6, ■-'■  35 to G. = 70 . A similar regime of constant pressure 

was measured on the flat-based cone tested by Boger, Rosenbaum 

and Reeves at Mach 10, Reynolds number 1.34 • 10 , a  - 0°, 

and Pc/pe) =1.7 ' 106 (Figure 35). 
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6.  SUMMARY AND CONCLUSIONS 

The AFTON 2A computer code has been used to calculate 

two complete hypersonic plume-body flow fields.  Although 

the two flows differ only in Reynolds number, and then by a 

factor less than six, the computed flow-field structures are 

very different.  While no flow separation is observed at a 

Reynolds number of 735, the cone and after-body boundary 

layers both separate at a Reynolds number of 4150, yielding 

a separation bubble and a complicated system of shock waves. 

Thus, the results indicate that the structure of hyperscnic- 

plume-interaction flow fields varies greatly over the Reynolds, 

number range spanned in this study, and the determination of 

flow field structure must therefore be considered part of the 

total problem of flow field prediction. 

Two further conclusions related to the interaction of 

a jet plume with a hypersonic airstream have been drawn in 

this study.  First, based on the evidence provided by the two 

numerical flow fields, heat conduction effects cannot be 

neglected in the plume, even in the inner core.  Secondly, 

despite the sensitivity of the near field to Reynolds number, 

and the larger plume size calculated relative to the Jarvinen 

and Hill prediction, scaling of the plume shock and dividing 

streamline radii with Reynolds number are consistent with the 

Jarvinen-Hill scaling law. 

The second point should be further verified for differ- 

ent flight conditions and geometries; such a viscous scaling 

law, if generally valid, might serve as a check for existing 

hypersonic-free-stream plume interaction models. However 

29 
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the first point is at wide variance with other hypersonic 

plume theories, and is sufficiently important to merit future 

study; it must be emphasized that the effects of a non-isen- 

tropic inner core extend far beyond the near field, and have 

a marked effect (for example) on the Mach disc. 
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Figure 1.     Blunt-nosed  cone with a spherical after body. 
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Figure 10. Internal energy contours of the flow field downstream of the 
base for the separation-free plume calculation.  The contour 
parameter is internal energy nondimensionalized by the free- 
stream stagnation internal energy; Curves 1, 2 and 3 denote 
the locus of the plume shock, inner shock, and dividing 
streamline. 
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Figure 11-, Pressure contours of the flow field downstream of the base 
for the separation-free plume calculation; the contour 
parameter, Z, is defined as Z = jlogj^ (p/pt.a)|» where pt 

is the free-stream stagnation pressure; Curves 1, 2, and 3 
denote the locus of the plume shock, inner shock, and 
dividing streamline. •• 
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Figure 12. Density contours of the flow field downstream of the base 
for the separation-free plume calculation; the contour 
parameter, Z, is defined as Z = llogjQ ph Curves 1, 2, 
and 3 denote the locus of the plume shock, inner shock, 
and dividing streamline. 
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Figure 13. Mach-number contours of the flow field downstream of the 
base for the separation-free plume calculation; Curves 1, 
2 and 3 denote the locus of the plume shock, inner shock, 
and dividing streamline; Curves 4 and 5 denote streamlines 
in the plume inner core. 
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Figure 14.    Variation of pressure with density along streamlines  in 
the plume inner core for the separation-free plume 
calculation. 
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Figure 24.  Pressure contours of the flow field downstream of the base for 
the separation plume calculation. The contour parameter Z is 
defined as Z = |log10 (p/ptoo)|. where p^ is the free stream 
stagnation pressure; Curves 1, 2 and 3 denote the locus of the 
plume shock, inner shock and dividing streamline, respectively; 
Curves 4 and 5 denote the separation shocks; Curve 6 denotes 
cone shock. 
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Figure 25.  Density contours of the flow field dovmstream of the base 
for the separation plume calculation. The contour parameter Z 
is defined as Z = |Log10 p|; Curves 1, 2 and 3 denote the 
locus of the plume shock, inner shock, and dividing streamline, 
respectively; Curves 4 and 5 denote separation shocks; Curve 6 
denotes cone shock. 
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Figure 26. Mach-number contours of the flow field downstream of the base 
for the separation plume calculation.  Curves 1, 2 and 3 denote 
the locus of the plume shock, inner shock, and dividing stream- 
line, respectively; Curves 4 and 5 denote the separation shock; 
Curve 6 denotes the cone shock; Curves 7 and 8 denote streamlines 
in the plume inner core. 
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Figure 27 Variation of pressure with density along streamlines 
In the plume inner core for  the separation plume 
calculation. 
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Figure 28. Mach lines in die vicinity of the plume 
separation shock and inner shock. 
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Figure 29.     Strenmlines  for   the  two calculated  flow fields;   Curves 
and 3 denote  con.',   plume and   inner  shock,   respectively; 
Curves 4 and  5  indicate nirstream separation  and plume' 
separation  shock,   respectively;   dashed  lines   show the 

1,  2 

dividing streamline. 
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Figure 35.  Plume-induced pressure distribution on a 12° flat-based 
cone from the measurements of Boger, Roscnbaum, and Reeves. 
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APPENDIX A 

NUMERICAL TECHNIQUES AND CODE MODIFICATIONS 

The AFTON 2A code had to be modified, and data 

reduction techniques developed, for the present program. 

Four code modifications were made, namely: 

1. Provision for mass addition; 

2. Inclusion of plume rarefaction effects; 

3. Incorporation of an artificial viscosity function 

to effect shock transitions along the shock front 

enclosing the total region of disturbed flow;: 

4. Introduction of a serial calculation of heat flow 

and hydrodynamic motion into the computational 

procedure. 

In addition, to aid with reduction of code output, auxilliary 

computer routines were written to trace streamlines and map 

shock waves. 

A-l   Mass Addition Modification to AFTON 2A 

In modifying the AFTON 2A code to simulate mass 

injection, it was assumed that the injected fluid and the 

primary fluid were identical substances, namely, viscous 

polytropic gases characterized by a constant polytropic 

exponent.  Mixing of different gas components, either by 

convection or molecular diffusion, was not taken into account. 

Since conditions of no-slip flow are normally enforced at a 

body surface in the AFTON 2A code, the main task of code 

modification was that of providing for steady conditions of 
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discharge of jet or rocket exhaust along a portion of the 

base around (and including) the system axis.  Code changes 

were made to permit the simulated emission of rocket or jet 

exhaust from any desired portion of the. body's base, under 

arbitrary exit conditions; accordingly exhaust parameters 

of density, specific internal energy, and velocity were 

added to the input required to define individual problems 

for AFTON 2A.  For the problems solved in the present program, 

material in a single constant flow state was injected into the 

flow field in a direction parallel to the system's axis. 

A. 2   Inclusion of Flume Rarefaction Effects in AFTON 2A 

A region of highly rarefied flow is found near the 

axis of symmetry in the plume's inviscid core, at all free- 

stream conditions of interest in upper-altitude flight 

(source flow).  The gas density approaches zero in the 
28 , 

rarefaction region, and according to kinetic theory  its 

temperature, which would otherwise also approach zero, 

reaches a lower bound or "freezing temperature".  On the 

basis of kinetic theory and with some hypersonic approxi- 

mations, the source flow problem was reduced to a relaxation 

process with two translational temperatures, namely, a 

temperature T,, along streamlines, and a temperature T^ 

I transverse to the streamlines.  Near the nozzle exit where 

the frequency of molecular collisions is high, T^. sa T^; 

I as collisions between gas molecules become less frequent, 

T —»► 0, while T.., remains frozen at its terminal value. 

For instance, for a spherical source flow, the ratio of 

freezing temperature T^, to sonic orifice temperature T* 

I is a function of the Knudsen number, K* , at the orifice, 
nI) 

i.e., 
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K*  = X*/D 
nD 

(Al) 

where X* is the mean free path at the sonic orifice and D is 

the orifice diameter.  For the orifice gas flow state, which 

was identical in both calculations, the Knudsen number was 

4.35 ' 10  and the freezing temperature about 70oR - a 

value that does not vary much with the molecular model 

assumed. 

To impose a lower temperature bound on the order of 

70oR is not only realistic for the gas, but also is useful 

in integrating the equations of motion numerically, since it 

helps prevent gas expansion to zero density.  At the same 

time, both total mass and total thermal energy are low in 

the rarefaction region, and imposition of a lower temperature 

bound therefore has little quantitative effect on flow-field 

properties near the Mach disc. 

The AFTON 2A computer code was modified to include a 

lower temperature bound, T,, in regions of high rarefaction. 

For local temperatures less than or equal to TT , the tempera- 

ture (or corresponding specific internal energy) was equated 

to TL.  With the temperature so specified, the continuum 

continuity and momentum equations were solved in the usual 

manner for the remaining dependent variables of density and 
.     .16,19 

velocity. 

A.3        Artificial Viscosity 

15 An artificial viscosity      proportional  to  the 
12 square of the velocity divergence      was  introduced 
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to effect certain shock transitions.  Application of the 

artificial viscosity was restricted to the bounding shock 

front that enclosed the entire disturbed region of flow; 

the cone shock defined the forward portion of the bounding 

front, with the plume shock contributing the rest.  In order 

to minimize the possibility of introducing nonphysical effects 

into the flow, no artificial viscous stresses were employed 

in the body interaction region. 

Location of the bounding shock was determined at 

the start of each calculational cycle by first using the 

artificial viscosity, designated "Q", in an indirect manner. 

Values of Q were calculated throughout the portion of the 

mesh above and including the interaction region.  The 

Q-field was then examined along potential-like coordinate 

lines of the finite difference mesh (see Appendix B and 

Section 3.2 for a description of the AFTON 2A finite dif- 

ference mesh) starting from the lateral boundary of the 

system and moving toward the system's axis.  The first 

relative extremum in Q encountered on such a path defined the 

boundary shock front around the disturbed region of flow. 

However, the artificial viscosity was added to the diagonal 

elements of the stress tensor only in a thin band of zones 

clustered about the shock contours (Sections 3.2 and 4.2). 

Some numerical experimentation was carried out in 

which the artificial viscosity was introduced into the 

interaction region.  Details are presented in Sections 3.2 

and 4.2. 

I 
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A.4   Serial Calculation of Heat: Conduction and Continuum 
Motion 

D 
u 
:: 

To reduce computing time, the calculations of heat 

conduction and hydrodynaraic motion were accomplished in 

series.  Thus, advantage was taken of the fact that the time- 

step for the calcxilation was heat-diffusion-limited, and only 

the specific internal energy had to be updated at every time- 

stop; other fluid properties were updated only as often as 

required for stable calculation in the absence of heat 

conduction.  To compute heat flow and fluid flow sequentially 

two kinds of timestep were used.  For hydrodynamic cycles 

(a "cycle" being a timestep of calculation) the time was 

incremented in steps, termed "macrosteps", that were small 

enough for the stable calculation of momentum diffusion; 

similarly, still smaller steps, termed "microsteps", were 

employed to compute thermal diffusion stably.  Internal 

energy was updated In microstep time increments while all 

other hydrodynamic variables were advanced in time by macrosteps. 

Microsteps were so determined that each macrostep in time 

would always be spanned exactly by a set of consecutive 

microsteps.  Thus the specific internal energy was updated 

due to heat conduction through all the microsteps that 

covered a given macrostep.  A hydrodynamic calculation 

(excluding heat conduction) was then performed whereby the 

density, specific internal energy, and velocity were updated 

by the usual difference equations of motion through a 

macrostep. 

By numerical experimentation it was established that 

hydrodynamic motion could be calculated as infrequently as 

every sixth microstep for a Reynolds number of 735, and at 

every other microstep at Reynolds number 4150; details are 
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presented in Appendix E.  To test the accuracy of the procedure 

a portion of the lower-Reynolds-number calculation was 

repeated with the hydrodynamic operations performed at every 

timestep.  The results of the test calculation agreed to four 

significant figures with those of the serial calculation. 

A.5   Streamline Tracing and Shock-Wave Mapping 

Streamlines in the AFTON-computed flow fields were 

determined by numerical integration of the equation 

u 

I 
I 
I 
I 

" 

dr 
dx 

v 
u (A2) 

where u and v are the velocity components in and normal to 

the free-stream direction, respectively.  Many streamlines 

were traced in both the airstream and plume gases.  Coalescence 

of plume and air streamlines defined the dividing streamline. 

The positions of the various shock waves present in 

the computed flow fields were located by indirect use of 

the artificial viscosity function, Q, in a manner similar 

to that described in Section A.3.  Specifically, after 

steady state conditions were attained, values of Q were 

computed throughout the numerical flow field.  Contours of 

maximum Q were then located manually and identified as the 

shock loci; by examining the artificial viscosity function 

along each coordinate line of the mesh (either streamline- 

like or potential-like, as in Figure Bl) and thereby locating 

extrema along the line; the locus of an extrernum defined a 

shock front. 
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APPENDIX B 

A SCHEME FOR CALCULATING POSITIONS OF 
POINTS IN FINITE DIFFERENCE MESHES 

A technique was developed and used in the present study 

to assign to the points of a finite difference mesh positions 

suited to the calculation of flow past a round-based conical 

body.  The method consists of generating two families of non- 

intersecting lines (streamline-like lines and potential-like 

lines) which merge smoothly with prescribed sets of control 

lines; points of intersection of the two families define the 

mesh.  The location- specifying equations represent a mapping 

between integer variables (j,k) and the axial and radial (x,r) 

coordinates of a point; in the AFTON 2A code, an integer k is 

associated witl each potential-like coordinate line, and an 

integer j is associated with each streamline-like coordinate 

line. 

A schematic of a typical set of control lines is shown in 

Figure Bl, together with dashed lines that represent j-lines and 

k-lines.  Two streamline-like control lines and four potential- 

like control lines are used in the process of mesh construction 

described here.  The lateral boundary of the mesh (j =j .) and the 
Jo 

body-surface-and-axis contour (j =j ) are streamline-like control 

lines, while the potential-like control lines are the curves desig- 

nated by the k-indices k , k, , k and k • in the present study, the 

k-control lines were chosen as parabolas.  Coordinates of 

points on the various control lines were found by assigning 

values to one of the two coordinates in accord with a geo- 

metric progression; the value of the other coordinate followed 

from the known analytic expression for tne shape of the control 
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line.  For example, along the potential-like control line 

k = k., the following relations were employed. For j.^j^j., 

r(j,kb) 

x(j,kb) (Bl) 

^b'V +   —(T^~T~ 

\y2üt\)  + B2y
(j'kb) + B3 

[r(jrkb) - r(jb)kb)] (l-y^ 

(1_YJrJb) 

where y-i Is the rate of increase of spacing of the mesh points, 

A1 is the minimum increment between mesh points, and B., B-, 

and B„ are known constants. 

The technique was implemented by generating mesh-point 

coordinates in each of the three regions shown in Figure Bl. 

A smoothing function was then used to guarantee continuous slope 

for the streamline-like lines at the boundaries of the three 

regions. For each region, the coordinates were calculated from 

equations of the form 

and 

r(j,k) = F^ r(jrk) + Fjj r(jb,k) 

x(j,k) = F^ x(j k) + F^ x(jb,k) 

(B2) 

(B3) 

where Ff,  F^,  F^,   and F^  are weighting  functions.     The weighting 
L        ß L D 

functions for the three regions are presented below. 
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REGION  I 

The radial coordinate weighting functions  are defined 
as  follows: 

IJ 
L 

where 

F: - F 
1L 

x(hX)   -  x(j   .k) r b 
x(Ji'V^^VV +  F 

2L 
*(V<) - xq^kj 
X(J,.kK)-x(jÄ,k    ) 

4'  u' 

* » 

and 

Fr     = 
r(j,k u>-^ :Jb'ku) 

Lrürku;-r(jb,ku) 

mm 

Fr     = 
2L 

[rCj,^)  -r(jh,kh) 

I'^i'V^W. 

I 
i 

FB -  Fr 

IB 
x(Jb'kb)   "  x^h>k) 

+ Fr 

2B 

rx(jb,k) - xa^kji 

^^»V^^b^V h(jb.kb)-xab,ku)J 
where 

1 
1 
1 

and 

F1B  = 

F2B  = 

r(Jrku) " - (j.Vj 
Jb'VJ 
a.V] 
ib'kb)i 

rürku)-r( 

r(vv -r 
rü^k^-rC 

11 Weighting functions  for the axial coordinate are: 

1 
a 

^ 
= Fx 

1L 

x(Ji»kb) - *0f>V] 
+ F2L 

x(jp,k )   -  x(jrku)l 

^w-^wJ X(j£'kl ̂ ■x«rku>J 

! 
• 

n 
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where 

and 

1L 

2L 

x(jrku) - x(j.ku) 

x(j ..^ ) " x(j, ,k ) J i    u    -^b u 

x(j £>l<b) - x(j,kb) 

[xQ^,^) -x(jb,kb) 

FB " F1B 

where 

and 

x(Jb,kb) - x(jb,k) 

x(jb,kb)-x(jb,ku) 
+ F x 

2B 

x(Jb,k) - x(jb,ku) 

x(jb,kb)-x(jb,ku) 

IB 

2B 

J r  u J | u 
x(i ,,k ) - xQ. ,k ) 

x(j £.kb) - x(j,kb) 

x(jrkb)-x(jb,kb)j 

RKGION II 

For the radial coordinate, the weighting functions are; 

*l -  F1L 
x(j rkt) - x(j ^k) 

x(jrkt)-x(jrkb)j   2L 
+ F 

x(j rk) - x(j JJ,^) 

_x(j ^kj.) -x(j rkb) 

where 

and 

1L 

r(j,kb) - r(jb,kb) 

2L 

.r(jji)kb)-r(jb,kb)j 

rCjA^ - r(jb,kt) 

r(j ^kj.) - r(jb,kt)_ 

1 I 

I] 
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B 

where 

F:  = F 
IB 

and 

x(Jb,kt)  - x(.1b,k) 

x(jb.kt)-x(jb,kb)j + F 
2B 

x(vk) - *Uh'h) 
x"b'V-x«b'V 

IB 

Fr 

2B 

r(J,»kK)   - r(j,kj 
£'"b 

r(j,,kK)-r(ju,ku) £'   b b''V 

Lr(jrkt;)-r(jb,kt:) 

The weighting functions  for use in calculation of the 

x-coordinate  in Region II  are defined as  follows: 

F* - F* 

where 

and 

xQ^k^  -  x(j     k) 
L        IHxa^K^-xCJ^) + F x 

2L 
*(V0 - »ca^v 
xarkt).x(jrkb) 

x(J?kb)   -  x(jb>kb) 
1L    Lx(j..k.;-x(j..k.) b^v 

*(3,kt)   -  x(jb>kt) 

2L      [x(J£,bt)-x(Jb,kt) 

D 
fl 

B 

where 

F2 = F x 
IB 

and 

x(jb)kt:)  - x(jb>k) 

[x(jb,kt)-x(jb>kb)j + F 
2B 

x(jb>k)   - x(jb,kb) 

x(jK,kJ -x(j, ,ku) 
'b'^t b'^b' 

IB 

xarkb)   -x(j,kb) 
x(jfl,k. ) -x(j, ,k  ) 

Z'  h b'-b'J 

2B 

x(j^bt)  - xQ,!^) 

x(jrkt)-x(jb,kt) 
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REGION III 

Fr = Fr 

L      rlL 

The weighting functions  for the r-coordinate are: 

*arkd) - XQ k) 
x(j,,k^) -x(jx,kt) r er 

+ F 
2L 

x(JrM - xn   >kt.) 
xa£,kd)-x(jrkt)j 

where 

IL 

and 

P 
2L 

gcjuy - r(jb>kt:) 

IrU^-ra^j 

FB^r 
IB 

X(jb>kd)   -   X^b>k> 
lx(jb.kd)-x(jb,kt)j + F 

2B 

x(jb>k)   -   x(jb>kt:) 

"^b^d^   x(Jb'kt) 
where 

IB 
^VV"  r(J'kt) 

and 

r(j£'kt)"r<Jb'kt) 

[r(jrkd)  - r(j.k  ) 

2B r(J .,k ) -r(j   .kj £'*'d £' f 

The weighting functions  for the x-coordinate are defined 

by the following relations: 

F
L = 

FX 
[»(jf.y -x(jt.k) 

1Llxoi'V-ltoJf
kt>J 

where 

IL 

x(j,kt) - x(jb,kt) 

x(jrkt)-x(Jb'kt)J 
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I 
u 

and 

1L 

x(j,kd)   - x(jb,kd) 

x(jx,kd)-x(jb,kd) 

B 

where 

F„ = F x 
IB 

and 

x(jb'kd)   "  x(Jb,k) 

x(jb,kd)-x(jb,kt)j +  F 
2B 

x(Jb,k)   -  x(jb,kt) 

x(jb,kd)-x(jb,kt)j 

,x 
'IB 

rx 

2B 

lx(j^kt)-xab,kt)j 

x(jjj'kd) ■ x^'kd) 

Lx(jrkd)-x(jb,kd)j 
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APPENDIX C 

PREDICTION OF SHOCK STRUCTURE IN THE 
INTERACTION REGION BY THE METHOD 

OF CHARACTERISTICS 

D 

... 

I 

By means of shadowgraphs, pressure measurements, and 

the method of characteristics. Boger, Rosenbaum, and Reeves 

described the complicated flow phenomena associated with the 

interaction between the plume and external flow (leaving the 

cone surface) in the base region of a flat-based cone, with a 

vertex angle of 12°. The body was immersed in a Mach 10 air- 

stream at Reynolds number 1.29 • 10 with a chamber-to-ambient • 

pressure ratio (p /p ) of 2.2 • 10 . These conditions produced 

a plume which did not induce separation on the cone forebody; 

the base flow field was therefore amenable to analysis by 

classical methods. However, at the point where the inner shear 

layer edge of the external flow impinged on the plume gases, the 

multiple-shock pattern produced is identical to that of plume- 

induced cone-forebody separation (see Figure 21). An inter- 

pretation of the shock structure for the non-separated case is 

therefore directly applicable to the separated case. 

Figure Cl shows the flow just behind the cone base. 

The plume boundary expands nearly 90 degrees at the nozzle 

lip, but gradually bends away from the base, with a plume 

separation shock forcing the fluid to move in a direction 

parallel to the boundary. The boundary and shock are obtained 

from a method-of-characteristics calculation with the experi- 

mental values of chamber pressure and base pressure as input 

quantities. At the point where the plume flow and external 

flow meet, the plume separation shock turns very rapidly and 

a second shock (designated the plume shock) is formed in the 
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external stream.    The shock and boundary locations of Figure Cl 

are obtained by calculating the deflection angles  for the plume 

and external flows in order that they share a common pressure 

boundary.     Calculated directions  of the shocks and plume bound- 

ary agree with the shadowgraph of the  flow field shown in 

Figure C2.     Features of the field visible on the shadowgraph 

include the cone shock,  plume shock,  plume separation shock, 

and the boundary of the shear layer  leaving the end of the 

cone. 
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ü APPENDIX D 

EFFECTS OF NOSE BLUNTNESS ON THE CONE FLOW FIELD 

Since the re-entry body of Figure 1 is rounded 

(radius =1.2 inches) and not pointed at its upstream tip, 

it is appropriate to consider the effects of nose bluntness 

on the computed flow fields; such effects are superimposed 

on the effects of viscous-inviscid interaction. 

The relative importance of viscous-inviscid interaction 

and nose bluntness depends on the leading-edge Reynolds number, 

i.e., 
o U d 

= -i-ü (Dl) 
n 

D 

where d is the nose diameter, U the free-stream velocity, 
n »CD 

0 the free-stream density and u the free-stream viscosity. 
00 00 

Experimentally, it is known for cones that when Re^ is less 
d 

than 100, leading-edge-bluntness effects may be 

considered negligible compared to the effects of interaction 
29 

between the viscous layer and the external inviscid flow. 

For the separation-free plume problem, the Reynolds number, 

based on the nose diameter, is ROOOJ ■ 89; for the separation an 
plume problem, the Reynolds number is Rem, ■ 500. Thus, an 
bluntness effects should be small when compared to the effects 

of viscous-inviscid interaction for the separation-free plume 

problem, but should become more significant for the separation- 

plume problem. 

The possibility of important nose-bluntness effects in 

the present study became very remote when it was shown for 
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both the flows calculated that rounding the nose of the cone 

had little influence on the pressure distribution halfway 

down the cone forebody. To decide the issue, use was made of 

a correlation of the effect of nose bluntness on the pressure 

distribution about a cone; the correlation was derived bv 
25 

Griffith and Lewis  from pressure measurements taken about 

various blunt-nosed cones at different Reynolds numbers and in 

the Mach number range 10 to 20. An approximate fairing through 

the Griffith-Lewis data is presented in Figure Dl. The abscissa 

of Figure Dl is used to define values of the parameter 

Xc - (x/dn) [9»/ (ek)*] (D2) 

where x is axial position measured from the cone nose, q 

is uhe cone-half angle, e is the compression (e s •illT), and 

k the nose-drag coefficient, is equal to .964 for a spherically 

blunt cone. The ratio of the local pressure coefficient to 

the Newtonian pressure coefficient is specified along the 

ordinate of the figure.  It can be seen that in the Mach 

number range 10 to 20, the pressure change (relative to the 

slender body limit) arising from nose bluntness varies with 

axial Dosition, cone half-angle, cone diameter, anu compression. 

For the two problems solved in this numerical study the para- 

meter xc had the value 1.47 halfway down the cone, where it 

is therefore evident from the figure that in the cases of 

interest here the pressure is nearly asymptotic to its slender- 

body value. 
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APPENDIX E 

STABILITY CRITERIA FOR AFTON 2A 

For the AFTON codes, as for almost all practical tools 

for tirae-marching integration of the equations of continuum 

motion, considerations of numerical stability dictate that 

the timestep not exceed a finite flow- and mesh-dependent 

upper bound.  In the plume calculations reported here, diffu- 

sive processes - thermal and momentum diffusion in the 

heat conduction and hydrodynamic phases of computation - always 

limited the timestep.  Sequential calculation of heat conduc- 

tion and hydrodynamic motion offered an attractive path to 

improved computational efficiency because the timestep limits 

Att and Atv associated with thermal and viscous diffusion, 

respectively, differed considerably; At and At are defined 

by the formulas 

A tt  = ^A3/crt (El) 

Atv  = V^/v (E2) 

whe^e A is the zone width of the least stable zone of the mesh, 

or,, is thermal diffusivity and v is kinematic viscosity. 
on 

It was found"'" that for a Reynolds number of 735 the 

calculation proceeded stably with timesteps of .8 At and 

•7 Atv, respectively, for heat conduction and viscous momentum 

diffusion. However, the numerical flow field then oscillated 

spatially and in time with large but bounded amplitude; a 

further increase by a factor of two in either timestep resulted 

in unstable oscillation of the field. Thus, the stability 

properties of the AFTON 2A code do not differ significantly 
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from those predicted by simple stability theory. 

The amplitudes of the nonphyslcal oscillations produced 

with timesteps of .8 A^ and .7 it^ had to be greatly reduced 

to obtain numerical solutions of acceptable accuracy.  To 

that end it was established by numerical trial-and-error that 

satisfactory solutions were produced using a heat-conduction 

timestep equal to .25 Ltt  and a timestep of .7 At for viscous 

momentum diffusion, and those timesteps were actually used to 

carry out the calculation for a Reynolds number of 735.  For a 

Reynolds number of 4150, thermal and viscous timesteps of ||C  and 

*Atv were used, after again establishing by numerical experi- 

mentation that acceptable numerical solutions would then be 

obtained. 
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